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Abstract

Different forms of expressing diffusion and heat fluxes in multicomponent mixtures, obtained by methods of non-equilibrium
thermodynamics and the kinetic theory of gas mixtures, are analysed and compared. It is shown that an alternative representa-
tion of the linear relations of non-equilibrium thermodynamics is possible, which enables them to be written in a form similar
to that of the well-known Stefan–Maxwell equations. A relation between the phenomenological coefficients of non-equilibrium
thermodynamics and the corresponding transport coefficients obtained in kinetic theory is established, with a confirmation that
the Onsager reciprocity relations are satisfied. It is shown that there is an advantage in writing the transport relations on the basis
of the “forces in terms of fluxes” representation, compared with the classical “fluxes in terms of forces” representation, used in
standard schemes of phenomenological non-equilibrium thermodynamics and the Chapman–Enskog method, traditional for kinetic
theory. A generalization of the Stefan-Maxwell equations and the equation for the heat flux is considered, which takes into account
the contribution to these equations of the time and space derivatives of the fluxes. The relaxation form of the equations obtained
enable one to approach the analysis of the propagation of small heat and concentration perturbations in gas mixtures to be justified,
which, within the framework of classical transport relations, propagate with infinitely high velocity. The results presented in this
review enable one to determine the areas of effective application of different methods of describing diffusion and heat transfer in
multicomponent gas mixtures when solving specific gas-dynamic problems.
© 2007 Elsevier Ltd. All rights reserved.

1. Introduction

The derivation of the closed systems of equations of gas dynamics for multicomponent media of necessity includes
the derivation of the transport relations, which connect the fluxes of mass, momentum and energy in the mixture with
gradients of the main gas-dynamic variables and external forces, acting on the particles of the medium. When electric
and magnetic fields acting on charged particles are taken into account, these equations can also be used in the case of
a plasma, if the latter is considered as a partially or fully ionised gas mixture, formed from electrons, ions and neutral
atoms (molecules) of different kinds, and which satisfy the quasi-neutrality condition. The general equations of gas
dynamics and plasma dynamics, obtained on the basis of a phenomenological as well as a kinetic approach, can be
found in a number of well-known monographs.1–10 Nevertheless, the choice of the appropriate expressions for the
diffusion and heat fluxes occurring in these equations turns out to be non-unique. At present there is no single concept
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in the literature regarding the effectiveness and advisability of using any particular transport relations in the case of
multicomponent gas mixtures and plasma, obtained using various approaches.

In this review we analyse the present state of this problem. The complex structure of the expressions for the heat
and diffusion fluxes in multicomponent gas mixtures leads to the need to establish a clear relation between the results
of the phenomenological theory, based on the methods of non-equilibrium thermodynamics, and the results obtained
in rigorous kinetic theory. One of the important criteria for finding such a correspondence is the satisfaction of the
symmetry relations between the transport coefficients (the Onsager reciprocity relations2,3). The bilinear expression
for the production of entropy,3 obtained within the framework of non-equilibrium thermodynamics enables linear
phenomenological relations between associated fluxes and generalized thermodynamic forces to be written down.
These relations can be written most simply for the stress tensor components in the mixture, corresponding to shear
and volume viscosity. When describing diffusion and heat transport the situation becomes more complicated, since the
form of writing the production of entropy used may correspond to several versions of the representation of the linear
phenomenological relations, connecting the diffusion and heat fluxes with the concentration gradients of the mixture
components, the pressure and temperature gradients and also the external forces. In the kinetic theory of gas mixtures,
different representations of the equations governing the transfer of the mass of components and heat transfer, obtained
using different approximate methods of solving the Boltzmann kinetic equation (the Chapman–Enskog method,5–8

Grad’s moment method,9–11 etc.) also correspond to this.
The representations of the transport equations usually considered both in non-equilibrium thermodynamics and

in kinetic theory correspond to linear relations between the mass diffusion fluxes Ji and the reduced heat fluxes
J′

q on the one hand and the relative temperature gradient �lnT and the diffusion thermodynamic forces dk on the
other.2–8 This classical method of describing the transport processes is sometimes called the “fluxes in terms of forces”
representation.12–14 Nevertheless, the structure of the expression for the production of entropy allows of another
representation in which the associated “fluxes” and “forces” change places, so that it is possible to write the equations
for the diffusion fluxes in the form of the so-called Stefan–Maxwell relations. One can also write the equation for heat
transport in the mixture in the same representation, i.e. in the form permitted with respect to the temperature gradient
in terms of the mass diffusion fluxes and the reduced heat flux. This method of description can be called the “forces in
terms of fluxes” representation.12–14

The use of the rigorous kinetic theory of gases to derive the transport equations shows that the usual “fluxes in
terms of forces” representation corresponds to the results of the standard Chapman–Enskog method,5–8 which, in the
case of mixtures of monatomic molecules, lead to formulae for the transport coefficients (multicomponent diffusion
and thermal diffusion coefficients, and also the so-called “instantaneous” thermal conductivity �′) in the form of the
ratio of determinants of the order of N� + 1 to determinants of the order of N�. Here N is the number of components
in the mixture and � corresponds to the order of the approximations (the number of retained terms in the expansion
of the perturbed part of the distribution functions in orthgonal Sonin polynomials when calculating the transport
coefficients5–7). The elements of the determinants in the solutions obtained are expressed in terms of so-called integral
brackets of Sonine polynomials of different orders, which, in turn, are represented in the form of linear combinations
Ωls

ij(T ) – of integrals as functions of the temperature T, which also depend on the parameters of the interaction
potentials of the i-th and j-th molecules. Here the total (true) thermal conductivity �, which, unlike �′ has an actual
practical meaning, and also the thermal diffusion ratios kTi are only obtained as a result of double matrix inversion.
Additional terms and new polynomials, which depend on the internal state of the molecules, appear in the expansion
of the distribution function when diatomic and polyatomic molecules occur in the composition of the mixture.15–18

Then the order of the determinants in the expressions for the thermal conductivity and the thermal diffusion increases
even more.

The complexity of the expressions and the complexity of the corresponding calculations of the kinetic properties of
multicomponent mixtures to achieve the necessary accuracy becomes obvious and, for a number of transport coefficients
(particularly in the case of a plasma) requires the use of values of � = 2–3.19–21

The scheme based on the “forces in terms of fluxes” representation turns out to be more convenient and effec-
tive in calculations. As was shown in Refs. 12,13, this form of writing corresponds to the results of the modified
Chapman–Enskog method or the generalized Grad’s method moment22,9–10,14 in the rigorous kinetic theory. The cor-
responding transport coefficients for mixtures of monatomic molecules in this case can be written immediately in the
form of the ratio of determinants of the order of N(�-1) + 1 and N(�-1). As a result one obtains much simpler expres-
sions (without the need for double matrix inversion) for the true thermal conductivity of the mixture � and thermal
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diffusion ratios kTi respectively in the expression for the heat flux and the equations for the diffusion fluxes in the
Stefan–Maxwell form.

Below we analyse and compare the different forms of writing expressions for the diffusion and heat fluxes
in multicomponent media, obtained at the phenomenological level, with the known results given by the kinetic
theory of multicomponent gas mixtures. It is shown that an alternative representation of the linear relations of non-
equilibrium thermodynamics is possible, which enables us to write them in a form similar to the representation of the
Stefan–Maxwell equations. A relation is established between the phenomenological coefficients of non-equilibrium
thermodynamics and the corresponding transport coefficients obtained in kinetic theory, with a confirmation that the
Onsager reciprocity relations are satisfied.

We also discuss some new results which arise from the “extended non-equilibrium thermodynamics” developed
in recent years.23–30 We consider a generalization of the Stefan–Maxwell equations and the equations for the heat
fluxes, which take into account the contribution to these equations of the time and space derivatives of the fluxes. The
relaxation form of the equations obtained enables us, in this case, to provide a more valid approach to the analysis of the
propagation of small thermal and concentration perturbations in gas mixtures. By taking into account more explicitly
the processes that occur in a time of the order of the characteristic time between molecular collisions we can obtain a
hyperbolic form of the equations for the concentrations of the components and the temperature of the mixture, thereby
eliminating the paradox of an infinite velocity of propagation of small perturbations, which arise from the use of the
usual linear relations of non-equilibrium thermodynamics for the corresponding fluxes.

2. General relations of non-equilibrium thermodynamics for multicomponent media

We will first recall the well-known relations of non-equilibrium thermodynamics,3,4,6 which serve as a basis for
considering alternative methods of representing the expressions for the fluxes of interest to us. For a phenomenological
description of the processes of mass, momentum and energy transport in multicomponent media, within the framework
of non-equilibrium thermodynamics, the initial expression, as is well known, is the expression for the production of
entropy, which, ignoring chemical reactions, can be represented in the following form for an N-component mixture3

(2.1)

Here J′
q is the reduced heat flux in the mixture, Ji is the mass diffusion flux of the i-th component, (��i)T is the

gradient of the chemical potential of the component with T = const, T is the temperature, �rs are the components of
the non-divergent part of the stress tensor (the components of the viscous-stress tensor) in Cartesian coordinates r, s,
pv is the scalar part of the stress tensor, corresponding to the volume viscosity, and Fi is the external force acting on a
particle of the i-th species (per unit mass of the component). The components of the shear rates tensor have the form

(2.2)

The corresponding vector fluxes are defined as

(2.3)

where �i = mini and Vi = vi − v are the mass density and diffusion velocity of the i-th component respectively, Jq is the
total heat flux in the mixture, hi is the partial specific enthalpy,31 ni is the number density of the particles of the i-th
species, and mi is the mass of a particle. The diffusion velocity Vi is determined in a frame of reference which moves
with the mean-mass velocity v = �−1(�1v1 + . . . + �NvN ), where � = �1 + . . . + �N is the mass density of the mixture,
and vi (i = 1, . . ., N) is the macroscopic velocity of particles of the i-th spices. The following obvious identity is then
satisfied

(2.4)
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The expression for � (2.1) has a bilinear form, some of the factors of which are flux-type quantities (for example,
Ji, J′

q, �rs, pV), while the others are quantities proportional to the gradient of a certain intensive variable of the state
(for example, proportional to the temperature, velocity or specific chemical potential gradients), and also the external
forces (or the potential gradients, if the forces are assumed to be conservative). The corresponding quantities are called
generalized thermodynamic forces.

It is important to note that, when choosing the fluxes and thermodynamic forces associated with them, a well-known
arbitrariness is allowed: the unique requirement is that their product should constitute an appropriate bilinear form in
the expression for �. If we define the production of entropy by the expression

(2.5)

the corresponding linear phenomenological relations between the fluxes Yi and the generalized thermodynamic forces
Xk are postulated in the form3

(2.6)

where Lik are the phenomenological coefficients or the kinetic coefficients of the Onsager matrix. When choosing the
fluxes and forces in accordance with condition (2.5) the coefficients of the matrix satisfy the symmetry principle, or
the Onsager reciprocity relations

(2.7)

The linear phenomenological relations can be written most simply for the viscous-stress tensor and the scalar
quantity corresponding to the contribution of the volume viscosity

(2.8)

where � and �V are the coefficients of shear and volume viscosity respectively.
Different versions of the representation of the linear relations are possible for the vector fluxes Ji and J′

q, and hence
the problem of these are considered below in more detail. The expression for the production of entropy (2.1) will, for
simplicity, be written solely for the corresponding vector quantities.

Eliminating the flux Jn in the second term of the expression for � (2.1) using condition (2.4), we can represent the
production of entropy in the form

(2.9)

The linear phenomenological relations for the fluxes can then be written as

(2.10)

(2.11)

while the symmetry relations have the form

(2.12)

As an example we will consider a binary mixture when there are no external forces acting on the molecules. It follows
from condition (2.4) for this case that J2 = −J1, and hence it is sufficient to confine ourselves to the expression for the
diffusion flux solely of the first component (i = 1), which, by relation (2.10), can be written as

(2.13)
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This expression can be easily represented in the more usual form2

(2.14)

Here ci = �i/� is the mass concentration (mass fraction) of the i-th component, while the binary diffusion coefficient
D, the barodiffusion ratio kp and thermal ratio kT are related to the phenomenological coefficients of the Onsager matrix
by the relations

(2.15)

To write the expression for D we use the Gibbs–Duhem relation3

(2.16)

from which it follows, when p = const, that

For a mixture of perfect gases, using the well-known expression for the chemical potential of the i-th component of
the mixture31

(2.17)

we obtain

(2.18)

where kB is Boltzmann’s constant.
Instead of kp and kT it is often more convenient to use the so-called barodiffusion and thermal diffusion factors 	P

and 	T, defined by the relations

(2.19)

Note that, unlike the diffusion and thermal diffusion coefficients, which are essentially kinetic quantities, the
barodiffusion factor 	p is defined solely in terms of the thermodynamic parameters of the mixture.2

We will now turn our attention to the expressions for the heat fluxes. In the special case of a binary mixture considered
here, the total heat flux is defined as

(2.20)

where

(2.21)

Taking definitions (2.18) into account, the last expression can be represented as

(2.22)

Instead of the “instantaneous” thermal conductivity �′ it is more convenient to use the thermal conductivity �, which
can be determined directly experimentally. This is due to the fact that the measurements are usually made under steady
conditions, when there is no complete diffusion flux in the mixture. The presence of a temperature gradient leads to
thermal diffusion and a steady state is only established after the thermal diffusion flux is compensated by the diffusion
flux due to the concentration gradient.
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Using the expression for J1 (2.14), we will represent J′
q in the form

(2.23)

and the thermal conductivity is given by the expression

(2.24)

The total heat flux can then be written as

(2.25)

The corresponding kinetic coefficients are connected with the phenomenological coefficients by the relations

(2.26)

In the special case of a mixture of perfect gases, using the definition of the specific enthalpy of a component
hi = (5/2)kBT/mi, we arrive at the following expression for the total heat flux in the mixture

(2.27)

Expressions (2.14) for the diffusion flux and (2.27) for the heat flux can be more convenient to use together with
the equations of hydrodynamics of a binary mixture, when �, v, T and c1 are used as the fundamental macroscopic
variables.

3. Linear relations for the vector fluxes using “thermodynamic diffusion forces”

The linear relations for the fluxes in the form (2.10) and (2.11) are the usual form of writing the results within
a framework of non-equilibrium thermodynamics.3,4,6 Nevertheless, alternative forms of representing of both the
expression for the production of entropy and the corresponding linear relations are possible, which enable the relation
between the results of non-equilibrium thermodynamics and the expressions of kinetic theory to be followed more
clearly.5–10,12–14

We will use the fact that, since condition (2.4) is satisfied for the mass diffusion fluxes Ji, we can add an arbitrary
constant quantity to the thermodynamic force in the second term of the expression for the production of entropy (2.1).
It is more convenient to introduce it in such a way as to satisfy the Gibbs–Duhem relation (2.16).

The production of entropy for the vector fluxes in this case can be written as

(3.1)

The “thermodynamic diffusion force” pdi is defined by the expression

(3.2)

and satisfies the condition

(3.3)



724 V.M. Zhdanov, G.A. Tirskiy / Journal of Applied Mathematics and Mechanics 71 (2007) 718–736

The introduction of the quantity pdi (3.2) leads to a form of writing the expressions which is more adequate to the
results of the kinetic theory of gases. In the case of a mixture of perfect gases, for example, when using the expression
for the chemical potential of the i-th component of the mixture (2.18), the expression for di takes the well-known
form5–8

(3.4)

The linear phenomenological relations for the fluxes, corresponding to representation (3.1), can be written as

(3.5)

while the Onsager reciprocity relations are similar to relations (2.12).
By virtue of condition (3.3), of the N thermodynamic diffusion forces pdk only N − 1 of the corresponding quantities

turn out to be independent. Hence, instead of (3.1) it is more convenient to represent the production of entropy in the
form

(3.6)

where the term with i = N is eliminated from the summation over the index i. The corresponding linear phenomenological
relations for the independent quantities are then written as

(3.7)

Here

(3.8)

It is easily noted that the new coefficients also satisfy symmetry relations of the form (2.12).
We will again consider the case of a binary mixture of gases. The quantity d1 = −d2 depends on the gradient of the

molar, and not the mass, concentration of the component of the mixture. In this connection it is more convenient to use
the definition of both the mass and molar diffusion flows of the components

which can also be represented in the form

(3.9)

Here v = c1v1 + c2v2 and vm = x1v1 + x2v2 are the mean-mass and mean-molar velocities of the mixture respectively,
and xi = ni/n is the molar concentration of the i-th component, where the concentration ci and xi are connected by the
relation

(3.10)

The molar diffusion flux when there are no external forces, corresponding to the first relation of (3.7), is given by the
expression
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which, by analogy with (2.14), can be written in the form

(3.11)

The mass diffusion flux is then defined as

(3.12)

while the corresponding kinetic coefficients have the form

(3.13)

For a mixture of perfect gases we obtain

(3.14)

As in the previous version, instead of km
p and km

T it is more convenient to use the coefficients 	m
p and 	m

T , defined as

(3.15)

Note that for any method of description (in mass or molar variables) the following relations hold

(3.16)

We now return to the expression for the heat flux. In the case of a binary mixture considered taking expression (3.11)
into account, the reduced heat flux can be represented in the form

(3.17)

The total heat flux can then be written as

(3.18)

The corresponding kinetic coefficients have the form

(3.19)

For a mixture of perfect gases, bearing in mind the definition of the specific enthalpy of a component, we obtain

(3.20)

Note that, taking relation (3.12) between the mass and molar diffusion fluxes into account, the expressions for the total
heat fluxes (3.20) and (2.27) turn out to be identical.

The expressions for the diffusion fluxes (3.11) and (3.12) and the expression for the heat flux (3.20) must be used
together with the equations of the hydrodynamics of a binary mixture when n, vm, T and x1 or �, v, T and x1 are used
as the main macroscopic variables.

4. The “forces in terms of fluxes” representation. The Stefan–Maxwell equations

The relations of the previous section can be written in a form which is admitted in terms of the mass (or molar)
diffusion fluxes of the components and the reduced heat flux in the mixture in terms of the gradients of the molar fractions
(relative concentrations) of the components, the pressure and temperature gradients, and also the differences in the
mass external forces acting on the different components of the mixture. This form of writing the transport equations is
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called the “fluxes in terms of forces” representation. A comparison with the results of the kinetic theory of gas mixtures
shows that this representation corresponds in large measure to the well known expressions obtained using the classical
Chapman–Enskog method.5–8 Nevertheless, the bilinearity of the production of entropy enables us formally to choose
any of the factors occurring in representation (2.1) or (3.6) as the fluxes and corresponding thermodynamic forces.
Now this enables us, in addition to Eqs (3.5) or (3.7), to consider other forms of writing the linear relations for the
diffusion and thermal fluxes, corresponding to the so-called “forces in terms of fluxes” representation.12,13 As will be
shown, the relations thus obtained also correspond to the well-known results of the kinetic theory of gases, obtained
either using a certain modification of the Chapman–Enskog method,12,13,32,33 or based on the Grad’s moment.9,10,14,22

Then, in a number of cases (particularly when using higher approximations), one obtains a considerable simplification
of the expressions for the transport coefficients occurring in these relations, calculated by the methods of kinetic
theory.

The version of the selection of these factors in the expression for the production of entropy (2.8) considered
below corresponds to interchanging “fluxes” and “forces”, so that the quantities −pdi, −�ln T formally act as
the “fluxes”, and the quantities Jk/�k − JN/�N, J′

q act as the “forces”. The corresponding linear relations then take
the form

(4.1)

when the symmetry relations, analogous to relations (2.12), hold.
If we turn to the actual and not the formal definition of the fluxes and thermodynamic forces, the linear transport

relations (4.1), unlike to relations (3.7), obviously correspond to the “forces in terms of fluxes” representation.
We will express the quantity J′

q from the last equation of (4.1) and substitute it into the first equality of (4.1). The
linear relations obtained in this way can be written as

(4.2)

Here

(4.3)

when symmetry relations, analogous to relations (2.12), are satisfied.
The first equality of (4.2) can be converted to a form when the relations for determining the mass diffusion fluxes

take the form known as the “Stefan–Maxwell equations”.24,35 It follows from condition (3.3) that

(4.4)

It is possible to satisfy the first of conditions (4.4) if

As a result, instead of the first equation of (4.2), we have the equations

(4.5)

To this we must add the last equation of (4.2), solved for the temperature gradient. This equation, together with Eq.
(4.5), form a system of transport equations for the mass of the components and the heat in the form of “thermodynamic
forces in terms of fluxes”, where Eq. (4.5) are often called the Stefan–Maxwell relations. In principle these relations
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can also be obtained directly from Eq. (3.7) if we solve them for �ln T and the thermodynamic diffusion forces pdk,36

but this method turns out to be considerably more complicated than that considered above.
The diffusion relations in the form (4.5) were obtained by Stefan34 and Maxwell35 phenomenologically without

taking thermal diffusion into account (�iq = 0) with the fundamental assumption that the force acting on the i-th particle
from the N-th particle is proportional to the difference of their diffusion velocities. The total resistance to the motion of
the i-th particle in the mixture is then equal to the sum of the independent resistances from all the remaining particles of
the other species.37,38 Moreover, using the arguments of the theory of diffusion in binary mixtures, Stefan and Maxwell
assumed that the matrix of the resistance coefficients �ik for multicomponent mixtures is symmetrical.

5. Comparison with the results of the kinetic theory of gas mixtures

It is useful to establish a relation between the expressions obtained above and the results that are known from
the kinetic theory of multicomponent gas mixtures.5–10,12–14 The expressions for the mass diffusion flux of the i-th
component Ji and the reduced heat flux J′

q, following from the results of the kinetic theory of monatomic gaseous
mixtures, obtained by the Chapman–Enskog method, are usually written as follows7,8:

(5.1)

(5.2)

Here Dik and DTi are the multlicomponent diffusion and thermal diffusion coefficients, kTi are the thermal diffusion
ratios and �′ is the “instantaneous” thermal conductivity of the mixture. The quantity dk is then defined by relation
(3.4).

The diffusion coefficients Dik satisfy the conditions

(5.3)

while the thermal diffusion ratios are introduced as the solution of the equations5

(5.4)

Moreover, it follows from condition (2.4) and definition (5.4) that

(5.5)

Hence, for an N-component mixture we have N(N − 1)/2 independent diffusion coefficients and N independent thermal
diffusion coefficients.

Note that the expression for the reduced heat flux J′
q can be represented in a somewhat different form if we eliminate

the vectors dk from expression (5.2) using Eq. (5.1). As a result we obtain

(5.6)

The total heat flux in a mixture of perfect gases is defined in the form

(5.7)
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Taking equality (5.6) into account, we arrive at the expression

(5.8)

The expression for J′
q (5.6) (or for Jq in the form (5.8)) is preferable for specific use compared with the expression

for J′
q in the form (5.2), since, unlike the “instantaneous” thermal conductivity �′ the “true” thermal conductivity �, as

already discussed above, can be measured directly experimentally. Under actual experimental conditions, the diffusion
fluxes vanish, and the total heat flux is given by expression (5.8), in which we must put Jk = 0. We then arrive at the
usual Fourier law for the heat flux with a true thermal conductivity �.

Note that the last of conditions (5.5) also enable us to represent expression (5.6) in the form

(5.9)

A comparison of relations (5.1), (5.2) and (5.9) with the phenomenological expressions (3.5) and the last expression
of (4.2) gives the following relation between the phenomenological and kinetic transport coefficients

(5.10)

(5.11)

The symmetry of the corresponding transport coefficients, obtained within the framework of kinetic theory,7,8 is then
found to correspond completely with the Onsager reciprocity relations of the type (2.12), postulated by non-equilibrium
thermodynamics.

We must draw attention to the fact that, in the first version of the kinetic theory of multicomponent gas mixtures,
developed by Curtiss and Hirschfelder, and described in detail in the well-known monograph,6 the expressions for Ji

and J′
q were written in the form

(5.12)

It follows from these expressions and the condition d1+. . .+dN = 0 that the multicomponent diffusion coefficients
D̃ij in this form of notation are not defined uniquely. This drawback of the theory was eliminated in Ref. 6
using the arbitrary assumption that all the diagonal diffusion coefficients are equal to zero, which leads to a
loss of symmetry of the non-diagonal coefficients in the first expression of (5.12). The expressions given there
for the diffusion fluxes in the form (5.1), which are more suitable than the relations of non-equilibrium ther-
modynamics, were proposed for the first time by Waldmann8 (see also Ref. 3) and are used in the well-known
monograph.7 They can be obtained if the search for a solution of the integral equations for the non-equilibrium
correction to the distribution function, which are considered in the Chapman–Enskog method, is somewhat
modified. The non-diagonal coefficients Dij, as was shown in Ref. 39, then satisfy the symmetry conditions
(5.3).

Within the framework of the usual Chapman–Enskog Scheme7,8 the coefficients Dij, DTi and �′ in expressions (5.1)
and (5.2), are written as the result of the solution of the systems of algebraic equations for the coefficients of the
expansion of the non-equilibrium part of the distribution function in the form of the ratio of determinants of order
N� + 1 to determinants of order N�, where N is the number of components in the mixture and � corresponds to the
order of the approximations (the number of terms retained in the expansion of the distribution function in Sonine
orthogonal polynomials when calculating the transfer coefficients in the Chapman–Cowling method5–8). The elements
of the determinants are expressed in terms of the so-called integral brackets of Sonine polynomials of different orders,
which, in turn, are represented in the form of linear combinations of set of so-called Ω

(l,r)
ij (T)-integrals as a functions

of the temperature, which also depend on the parameters of the interaction potentials of the particles of the i-th and
j-th species. Here it can be seen that the true thermal conductivity � (5.6), and also the thermal diffusion ratios kTi



V.M. Zhdanov, G.A. Tirskiy / Journal of Applied Mathematics and Mechanics 71 (2007) 718–736 729

when higher approximations are taken into account are only obtained as a result of calculating N-th order determinants
(the solution of Eq. (5.4)), the elements of which are, in turn, determinants of the (N� + 1)-th order. Obtaining them
therefore requires double matrix inversion.

In practical gas-dynamic problems the number N can be fairly large, for example, for air plasma N = 11, and
to obtain integral accuracy it is necessary to take � = 2 or � = 3.40 Calculations of the transport coefficients in this
case are extremely time consuming and are complicated by the fact that, in the case of thermochemically equi-
librium flows, they will be functions not only of the temperature and pressure, but also of the chemical element
composition, which changes in the flow. Hence, this classical scheme for calculating the transport coefficients is not
very suitable for solving gas-dynamic problems and so far has not been used when solving any interesting specific
problems. In addition to the above difficulty in evaluating determinants, the number of which is of the order of sev-
eral tens, for practical multicomponent mixtures the formulation of expressions for the diffusion fluxes in the form
(5.1) in the conservation equation leads to a system of equations that are unsolvable for higher derivatives of the
required concentrations. At present there are no general methods available for the effective solution of such sys-
tems of equations even in the approximation of different asymptotically simplified versions of the Navier–Stokes
equations.

Note that, in the terminology employed in Ref. 7, the first non-zero approximation serves as the first approx-
imation for each kinetic coefficient. Then, for the multicomponent diffusion coefficients Dij, defined in the first
approximation, it is sufficient to take into account only one term in the expansion in Sonine polynomials (� = 1),
while to determine DTi two terms (� = 2) are necessary, and hence thermal diffusion is sometimes called a second-
order transport phenomenon. It was shown in Ref. 41 that, using the so-called complete second approximation,
when both coefficients are determined taking two terms of the expansion into account, using a definite procedure
one can considerably simplify the expressions for the true thermal conductivity � and the thermal diffusion ratios
kTi. In this case these coefficients can be written in the form of ratios of determinants of order N + 1 to determi-
nants of order N instead of the ratio of determinants of order 2N + 1 and 2N. Expressions for these coefficients and
for the elements of the determinants corresponding to them in the form of linear combinations of �-integrals are
known.6,7 Note, however, that for higher approximations (� ≥ 3) it has not been proved that it is possible to simply
the expressions for the transport coefficients within the framework of the usual scheme of the Chapman–Enskog
method.

As was pointed out in Refs. 22,12,13, in many cases it is preferable to represent the equations for the
diffusion velocities (or mass diffusion fluxes) in the form of Stefan–Maxwell equations. A similar representa-
tion, which also takes into account the contribution of thermal diffusion, was considered previously in Ref.6,
but the result obtained turned out to be not completely consistent, since the diffusion coefficients in this case
were determined in the first approximation (� = 1), while the thermal diffusion coefficients were determined
in the second approximation (� = 2), which led to an unjustified complication of the expressions for these
coefficients.

It was shown in Refs. 22,9,10,14 that the Stefan–Maxwell equations and the expressions for the heat flux, the form of
which corresponds to representation (3.7) considered above within the framework of non-equilibrium thermodynam-
ics, can be obtained using Grad’s method moment,11 extended to the case of a multicomponent gas mixture. Similar
results were obtained for the first time in Refs. 12,13 within the framework of the Chapman–Enskog method in any
approximation with respect to � using some modifications of the method of solving the system of algebraic equations
for the coefficients, which involves an expansion of the non-equilibrium part of the distribution. The Stefan–Maxwell
equations were derived in Refs. 32,33 as a result of a certain modification of the solution of the first approximation
of the Chapman–Enskog method. All these results turn out to be completely equivalent to one another. The cor-
responding equations of multicomponent diffusion and the expression for the total heat flux can be represented as
12–14

(5.13)
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In Eq. (5.13) [Dik]1 corresponds to the usual binary diffusion coefficient for the i-th and k-th components, determined,
in the first approximation of the Chapman–Cowling method,3

(5.14)

where �ik is the reduced mass of molecules of the i-th and k-th components. In this case �ik(�) is the correction to the
binary diffusion coefficient in an arbitrary approximation with respect to �. The coefficients � and �ik and the thermal
diffusion ratios kTi, obtained by the above methods, are defined by expressions which represent the ratio of determi-
nants of order N(� − 1) + 1 to determinants of order N(� − 1), i.e. by much simpler expressions than in the previous
representation according to formulae (5.1) and (5.2). The corresponding expressions for these coefficients and for the
elements of the determinants, written in the form of linear combinations of �-integrals can be found in Refs. 12–14.

A comparison of Eq. (5.13) with Eq. (3.7), obtained within the framework of non-equilibrium thermodynamics,
shows that the connection between the phenomenological and kinetic coefficients in this case is given by the relation

(5.15)

while for the coefficients �kq and �qq it is determined by relations (5.11) considered above.
The expressions for [Dik]1 and �ik are symmetrical with respect to the subscripts i and k. Hence �ik = �ki. The equal-

ity of the cross coefficients (�kq = �qk) also follows from conditions (5.11). Hence, the results of kinetic calculations
in this representation also ensure that the Onsager reciprocity relations are satisfied.

Note that Eq. (5.13) form a system of N − 1 independent equations for determining the mass diffusion fluxes, which
must be supplemented by condition (2.3). The solution of this system enables us, in particular, to express the diffusion
and thermal diffusion coefficients of a multicomponent mixture in expressions (5.1) using the coefficients [Dik]1, �ik
and kTi.

When solving real gas-dynamic problems, however, it is not, as a rule, necessary to make such a transition to
standard relations (5.1). On the contrary, the use of the diffusion equations in the Stefan–Maxwell form together with
the parabolized Navier–Stokes equations when solving a number of problems of hypersonic aerodynamics and heat
and mass transfer leads to systems of equations, that are solved for the first-order derivatives with respect to the normal
coordinate to the body surface, of diffusion fluxes, heat fluxes, concentrations and temperature, i.e. to the equations
represented in normal Cauchy form,42 for which effective numerical methods have been developed.43,44 Moreover,
the equations of mass transport of the components, written in the form of Stefan–Maxwell relations, as if specially
represented in this form, that is necessary to obtain explicit expressions of all the effective transport coefficients in the
case of thermal by and chemically equilibrium flows of multicomponent mixtures gas and plasma.45,46

6. The generalized Stefan–Maxwell equations

The equations for determining the diffusion fluxes of the mixture components in the form of the Stefan–Maxwell
relations (4.5) or the first equation of (5.13) can also be obtained if we use the equation of motion for a separate
component of the mixture or the momentum balance equation of the component.22,9 More general results, including
also the equations for the heat fluxes and the viscous-stress tensor, are obtained using the method of moments.9,10,14

Some generalization of Eq. (5.13) then turns out to be possible due to the additional contribution to them of the time
and spatial derivatives of the fluxes having different types of tensors.28–30 The equations obtained correspond to the
recently developed extended irreversible thermodynamics.23–25,27,30

For a multicomponent gas mixture, the momentum balance equation of a component (the conservation equations)
follows directly from Boltzmann’s kinetic equation by multiplying the latter by the momentum of a molecule mici with
subsequent integration over the velocities. The corresponding equation can be written in the form22,9

(6.1)

Here Pirs = pi
rs + �irs are the components of the stress tensor for the i-th component of the mixture, pi is the partial
pressure, �irs are the components of the partial viscous-stress tensor, 
rs is the Kronecker delta, and Rir is the value of
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the average momentum transmitted in collisions of particles of species i to all the particles of the remaining species of
the mixture (also called the “diffusion force of friction”38).

Summation of Eq. (6.1) over i, taking the condition
∑

iRir = 0 into account (the total momentum for collisions
between molecules in the mixture is conserved) leads to an equation of motion of the mixture as a whole

(6.2)

where v is the mean-mass velocity and Prs =
∑

i

Pirs is the stress tensor of the mixture.

The initial Eq. (6.1) can be represented in a somewhat different form, if we write it with respect to the diffusion
velocities of the components Vi = vi − v. By simple reduction, using Eq. (6.2), we obtain

(6.3)

When linearizing Eq. (6.3) we can neglect the quadratic terms, proportional to the products of the diffusion fluxes �iVir

by the derivatives with respect to the coordinate of the mean-mass velocity V. Eliminating the derivative dvr/dt from
it using Eq. (6.2), we arrive at the equation

(6.4)

The quantity dir is defined by formula (3.4). Note that Eq. (6.4) can also be obtained if we use the linearized Boltzmann
kinetic equation for the gas mixture14,30 as the initial one for deriving the momentum balance equation of a component.

The right-hand side of Eq. (6.4) (the “diffusion force of friction”) can be written in the general case as22,9

(6.5)

Here fi and fj are the velocity distribution functions of the interacting molecules of the i-th and j-th components, ci and
c′

i are the velocities of the molecules of the i-th species before and after collision, g = |c′
i − ci| is the relative velocity

of the molecules of the components on collision, and �ijd� is the differential scattering cross-section of the particles
having a velocity g in a solid angle d� = sin �d�, where � is the scattering angle.

The value of Ri can be calculated if we use a definite approximation to the distribution function. The simplest
approximation corresponds to specifying fi in the form of a local Maxwell distribution, shifted with respect to the
proper macroscopic velocity of the component vi

(6.6)

The diffusion velocity is assumed to be small compared with the average thermal velocity of the molecules or the
adiabatic velocity of sound:

Hence, linearization of expression (6.6) gives

(6.7)

Here f
(0)
i is the locally-equilibrium Maxwell distribution (shifted with respect to the mean-mass velocity v). Calculation

of Ri using expression (6.7) leads to the following result9

(6.8)
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The binary diffusion coefficient [Dij]1 is given by expression (5.14).
The generalized Stefan–Maxwell equation, following from Eq. (6.4), in this case takes the form

(6.9)

A more accurate calculation of Ri, which enables us, in particular, to take into account the contribution of thermal
diffusion, involves using a more complete approximation to the distribution function of the components of the mixture.
In the well-known Grad’s 13-moment approximation, for example, we obtain22,9

(6.10)

Here �i = mi(TkBT) and J′
qi is the reduced partial heat flux.

In this case we have9,10

(6.11)

The corresponding generalized Stefan–Maxwell equation can then be written in the following form14,30

(6.12)

In the linearized 13-moment approximation, i.e. neglecting terms that are quadratic in the fluxes (momenta), the
reduced partial heat fluxes J′

qi and the partial viscous-stress tensors with the components �irs satisfy the system of
relaxation equations9,14

(6.13)

(6.14)

The components of the shear rate tensor rs are defined by (2.2). Expressions for the coefficients aik, bik and cik, which
are linear combinations of Ω

(l,r)
ij (T)-integrals, can be found in Refs. 9,10, where

The relaxation form of the equations for J′
i = �iVi, J′

qi and �irs enables us to carry out a more justified analysis
of the propagation of small concentration, thermal and shear perturbations in gases and gas mixtures23–27,30 (taking
into account processes that occur in a time of the order of the time between collisions between molecules). Here the
corresponding differential equations for the concentration, temperature and velocity, obtained using the generalized
transport equations in the equations of continuity, motion and energy, become hyperbolic. One can thereby solve the
paradox of the infinite propagation velocity of small perturbations, which arises when using ordinary linear relations
of non-equilibrium thermodynamics or kinetic theory, discussed previously. As is well known, the use of the usual
Navier–Stokes equations to solve these problems leads precisely to such paradoxes.23–25
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As an example we will consider the problem of the propagation of concentration waves in a binary gas mixture.26,30,47

The use of the equation of continuity for the i-th component of the mixture (and for the mixture as a whole) enables
us to write the equation for the mass concentration (ci = �i/�) in the form

(6.15)

The quantity �·Ji can be obtained using the generalized Stefan–Maxwell relaxation equation. We will use this equation
in its simplest form (6.9), neglecting the convective term (dJi/dt ≈ ∂Ji/∂t) and the contribution from the viscous stresses
(d∗

i = di). For a binary mixture this equation can be rewritten as

(6.16)

Neglecting the barodiffusion (p = const) and the external forces, the expression for d1 can be represented in the form

We will write the equality of the divergence of the left- and right-hand sides of Eq. (6.16)

(6.17)

Expressing �·J1 from Eq. (6.15) with the condition v = 0 (a gas at rest) and substituting the result into Eq. (6.17), we
arrive at an equation for the concentration c1, which takes the form of the telegraph equation

(6.18)

The parameter vc in this case corresponds to a finite propagation velocity of the concentration perturbations, and the
attenuation of these perturbations is related to the parameter �12.

In the steady case or for slow processes, when the characteristic time of the problem is considerably greater than
the characteristic time between particle collisions (which enables us to neglect derivatives with respect to time of the
corresponding quantities in Eqs. (6.12)–(6.14)), the expressions for J′

qi and �irs are found from the solution of systems
of algebraic equations. If we neglect the contribution of viscous stresses in Eqs. (6.12) and (6.13), substitution of the
solutions for J′

qi and J′
qk obtained into the right-hand side of Eq. (6.14) leads to the Stefan–Maxwell Eq. (5.13)

(6.19)

The use of the 13-moment approximation to distribution function (6.10) when calculating the diffusion and thermal
diffusion coefficients will correspond in this case to the complete second approximation of the Chapman–Cowling
method (� = 2).

By taking into account the contribution of the derivatives if the viscous-stress tensors in the expression for d∗
i we

can consider one more particular form of the Stefan–Maxwell equations, which is obtained in the case of a steady
viscous flow of a mixture.22 The solution of Eq. (6.14) with the condition d�irs/dt = 0 gives

(6.20)

where �i is the partial coefficient of viscosity (not to be confused with the viscosity of the i-th component). Using the
equation of motion of the mixture (6.2), which in this case takes the form
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and omitting the derivative dVir/dt in Eq. (6.12), we can represent the latter as22,9

(6.21)

Here

(6.22)

and xi = ni/n is the relative molar concentration of the i-th component of the mixture.
After using the solutions for J′

qi, J′
qk, the right-hand side of Eq. (6.21) takes the same form as the right-hand side

of (6.19). Replacing the thermodynamic diffusion force pdi by pdv
i on the left-hand side of the equations leads to

overdetermination of the barodiffusion coefficients and terms with the external field in the expressions for the diffusion
fluxes of the of the mixture components, following from the solution of Eq. (6.21). Thus, for the case of a binary
gas mixture, when there are no external fields, we can obtain from Eq. (6.21) the following expression for the mass
diffusion flux of the first component22

(6.23)

where

(6.24)

The expressions for the thermal diffusion constant [	T]2 and the corrections of the second approximation �12 and �p

are known.22

7. Conclusion

The results presented in this review enable the areas of effective application of the different methods of describing
diffusion and heat transport in multicomponent gas mixtures and in plasma to be determined in specific problems.
The advantage of writing the appropriate expressions using the “forces in terms of fluxes” representation compared
with the classical “fluxes in terms of forces” representation, used in standard schemes of phenomenological non-
equilibrium thermodynamics and in the traditional Chapman–Enskog method for the kinetic theory of gases, becomes
obvious. This advantage becomes particularly noteworthy when using the equations of multicomponent diffusion
in the Stefan–Maxwell form, in which the transport coefficients (the diffusion and thermal diffusion coefficients)
are calculated with increased accuracy (i.e. taking into account higher approximations with respect to the number of
Sonine polynomials, retained in the expansion of the distribution function of the particles of the mixture). Considerable
simplifications are also obtained when using higher approximations in this case and in calculations of the heat fluxes.

One of the characteristic problems is related to calculations of the flows and heat and mass exchange in hypersonic
flow around bodies. As was shown in Ref. 42, the use of the “forces in terms of fluxes” representation in this case
leads to a system of equations, which is solved for the first derivatives of the concentrations and temperatures, along
the normal to the surface around which the flow occurs, and also of the diffusion and heat fluxes, i.e. in the Cauchy
normal form, for which effective numerical methods have been developed.43,44

Another example is related to the analysis of the effect of the separation of multicomponent (isotope) gas mixtures
in high-speed gas centrifuges, where the use of the diffusion equations in the Stefan–Maxwell form also demonstrates
its effectiveness.48,49

We can also cite another series of cases where the description of diffusion and heat transport in gases and plasma
on the basis of the “forces in terms of fluxes” representation is the most optimum. The advantages of this approach
for analysing diffusion and heat transport of heavy impurities in the hydrogen plasma of experimental devices for
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the magnetic containment of plasma, for example, have been considered in detail, as well as the separation of many
varieties of ions in a rotating plasma.9,10

A further development in the use of extended or generalized non-equilibrium thermodynamics in gas-dynamic prob-
lems is also of undoubted interest.23–30 This review has been confined to analysing the results which arise from Grad’s
13-moment approximation for multicomponent mixtures of monatomic gases. The role of the relaxation equations of
the higher approximations of this method so far remains not entirely clear. A further generalization of appropriate
approaches to the case of polyatomic gases and gas mixtures is necessary. Some new results in this area can be found
in a recent publication.50
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